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Plane-wave propagation in lossy media

Apply to general — linear, isotropic, homogeneous media
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Plane-wave propagation in lossy media

1. Perfect dielectric: (¢ = 0)

a=0,=k=wue
. E”
2. Lossy medium: —
€

(a) Low Loss:

(b) Good conductor:

(c) Quasi conductor:

- reduce to lossless case
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Low-loss dielectric
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(same as k for lossless)



Low-loss dielectric
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Good Conductor

1/2
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For — > 100 can approximate:

pe'’ po
RO == 5= Jrfuo [Np/m]

B =a=.nfuo [rad/m]



Good Conductor

s 14 — > 100
recall.\/j—ﬁ €

ju Tfu
Ne = 7=(1+)T=(1+)—

For perfect conductor > ¢ =0, a = = andn, =0

equivalent to short circuit in transmission line



Summary of propagation in materials

Lossless Low-loss Good
Any Medium Medium Medium Conductor Units
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Notes: ¢’ = ¢; ¢’ = o/w: in free space, ¢ = £g. u = pg: in practice, a material is considered a low-loss medium
if " /¢’ = o /we < 0.01 and a good conducting medium if £” /&’ = 100.




Example: copper

Copper has:
=po=4mx107 [, e= ey == x 107 [£] o =58 x 107 []

61

Assuming parameters do not change with frequency, over what spectral
range is copper a good conductor?

; € (0)
Good conductor: —=—>100
€ we
= 27nf
@ = 2T < T50¢
o 5.8 x 107

= 1.04 x 10'® Hz

f < =
200m€ " (200m) (54 x 10-°)

As long as f < ~1016 Hz, copper good conduction (UV light)



Example: plane wave in seawater

Consider a uniform plane wave in seawater
— e S W

S . e e

Plane wave in x-y

-

Propagate in +z

o, T - e LV
B e o et A

e,=80,u.=1,0=4S5/m
Atz=0,  H(0,t) = $100cos(2w103t + 15°) [mA/m]
a) Obtain E (z,t) and H (z,t)

b) Obtain depth where magnitude of E is 1% of z=0
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Example: plane wave in seawater

a) Obtain E(z t) and H(z,t)

Since H is along y and propagates along 2 2> E must be along X:

General expressions for phasors: E(2) = RE,,e~*e~JBZ

A(z) = 2220 gz gmifz
Nc

Now we determine «, § and n, for seawater:

; ed) f = 1kHz

Evaluate EE—, We have w = 2xf = 2w x 103 [T

e o o 4
= = = 7 =9 x 10° > 100
W€ € (21 x 10%)(80) (55 x 109

Seawater is a Good
conductor at 1 kHz



Example: plane wave in seawater

a = Jrfuo =1 x 103 X 47 X 107 x 4 = 0.126 [Np/m]

f =a=0.126 [rad/m]|

0.126 jm
= 0.044e 4

a jn
ne=+)==(2e
Eyvo = |Ex0|ej<p0
E(z,t) = Re|R|Ey|e/Poe2e~IFze]0t]
E(z,t) = R|E qle%126% cos(2m103t — 0.1262 + @) [V/m]

P|Eyolel Po
jT
0.044¢ 4
A
= 922.5|E,o|e %1257 cos(2m103t — 0.126z + @, — 45°) [E‘

H(z,t) = Re e‘“ze‘fﬁzef‘”t‘



Example: plane wave in seawater

Atz=0: H(0,t) = $22.5|E,| cos(2m103t + ¢, — 45°) [%]
Compare with given:
H(0,t) = $100cos(2m103t + 15°) [mA/m]
22.5|E o] = 100 X 1073 = |E,| = 4.44 mV /m
Qo — 45° = 15° = ¢, = 60°

E(z,t) = £4.44e701267 c05(271103t — 0.1262 + 60°) [mV /m]

H(z,t) = $100e~%126Zco5(27r103t — 0.1262z + 15°) [mA4/m]



Example: plane wave in seawater

b) Depth where magnitude of E is 1% of z=0

0.01 = e—0.126Z

~ In(0.01)

= 0126 = 36.55m

Z
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EM Power Density

Poynting Vector: S=ExXH [W /m?]

ol <l = [ powe desity

Direction of Poynting vector along propagation

Total power through aperture: P = f S-AdA [W]
A

Wave propagating along k, angle 8 with A

iﬁ n P = SAcos@
“r k S =S|

P(z,t) = v(z t)i(z, t) -- instantaneous power



EM Power Density

S is function of time — time average power density:

R U 7
Sav=§Re[E><H] [W‘

EM equivalent of time-average power in transmission line

1 ~ .
Ppy(2) = ERe[V(Z)I*(Z)]
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Power of plane wave in lossless medium

General plane waves in +z direction:
E(Z) - X\Ex(z) + yEy(Z)

E(z) = (RExo + YEyp)e ¥

Complex in general

Magnitude of £ |B] = (B« B)"? = [|Exol? + |E, ] 2]*/2




Power of plane wave in lossy medium

E(Z) = XE,(z) + yg'y(z) = (RE,, + yEyO)e—aze—jﬂz
1

H(z) = — (—%Ey + Eyo)e e ~IF?

A
Q
<
I
I
=
o
T
X

1 1
1] =2 (IExol? + |Eyol*) 724 Re [E‘

Ne = |Tlc|€j9’7
2|E0)|°

e %% cos0 [K]
Zlncl T Im?2

Lossy medium:  Sav(2) =

| =

Wave In lossy medium — propagates distance z = &5 = —

Magnitude of E, H reduce 1/e = 37%

Any power density decreases by e™% ~ 14%



Power ratio in dB

VZ/R
VZ/R

P Py
G =— G(dB) = 10log(G) = 101log <—> = 101log( )

P, P,

Vi
V_> — g(dB) = 201log(g)

G(dB) = 20 log(
2

\oltage (or current) ratio scale is 20, power scale is 10

G G [dB]
10* 10x dB
4 6 dB
2 3 dB
1 0dB
0.5 —3dB
025 | —6dB
0.1 | —10dB
10~3 | —30dB
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Example: power density received

Submarine at 200m depth uses antenna to receive signal transmission at 1 kHz.
Determine power density onto antenna

Our prior example of EM wave propagation in seawater: €, = 80,u, =1,0 =45/m

E(z,t) = £4.44e701267 ¢o5(271103t — 0.1262 + 60°) [mV /m]

8 Np

|E(0)| = |E,o| = 444 mV /m a = 0.126 [F] n. = 0.044245°
~ 2

. 2lEO)" _, 2(4.44x1073)% _ )

S (2) = Tncle “cos0, = 2(0.044) e~ 4>Zcos45

R mWw

Sav(Z) = Z(O.16)6_0'2522 F‘

. |4
Atz=200m, S,,(z)=22.1x%x10726 [—2]
m



Wave reflection/transmission

Transmission line 1

Incident wave

Transmitted
Zo1 wave
Reflected wave VA
o -
z=()

(a) Boundary between transmission lines

i x
L! A E'

H ki H1(l)— ki
E!

c-)y—b-z
o

Medium 1 (g1, 1)

Medium 2 (g4, u2)
z=0

(a) Boundary between dielectric media

Transmission line 2

Incident plane wave

Transmitted plane wave

Reflected plane wave

Medium 1 Medium 2
M Lp)

z=10
(b) Boundary between different media

Analog TL:

Zo1 VA —_—

Infinite line
z=10

(b) Transmission-line analogue
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Wave reflection and transmission at interfaces

Incident wave .
Transmitted wave
Reflected wave >

Medium 2
2

Medium 1
m

(a) Normal incidence

Reflected
wave

Incident
wave

Medium 1

m

Transmitted
wave

Medium 2
M

(b) Ray representation of
oblique incidence

Medium 1
A

ng

Medium 2
Up)

(c) Wavefront representation of
oblique incidence
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Normal incidence — analogy with transmission

line

Transmission line 1

Transmission line 2

Incident wave

 ——— Transmitted
Zo1 wave
Reflected wave Zi
-
z=10

(a) Boundary between transmission lines

Incident plane wave
-

Transmitted plane wave
-

Reflected plane wave

Medium 1 Medium 2
m Uy

z=0
(b) Boundary between different media
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Normal incidence wave reflection/transmission

n X
E 1 E!
E'
l (-)y—» z
ln{l, Hl’
Medium 1 (&1, 1) Medium 2 (&, o)

z=10

(a) Boundary between dielectric media

Z(]l Z()’) e

_—

Infinite line
z=1)

(b) Transmission-line analogue
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Wave reflection/transmission

2 media are lossless, homogeneous, dielectrics

. . i ik . . EY 9E,
Incident wave: E'(z) = RE e /*12 H(z2) =2x—= e Jk1z
N1 M
~ . 117 A 2 _y\EB 1 SWA
Reflected wave: E™(2) = RET e/*12 H" (z) = (-2) X ; = ; el
1 1

E'(z) 9E%
Uy, N2

e_ijZ

Transmitted wave: Et(z) = yE%e—jkzz Hi(2) =2 x
i

L, EY, ES — amplitudes

ki = w161 ka2 = w\lz€;

_ M _ M2
n1 ) N2 c



Apply boundary conditions atz=0

Medium 1 Incident + Reflected Medium 2

Transmitted

El (z) = E‘i(z) + E7(2) Ez (z) = Et(2) = fE%e‘ijz

E, (2) = (Ebe /%12 + ET elk17)
H (2) =H(2)+H (2)

Hy (2) = 9 (Ebe /7 — Epelt)

Boundary conditionsatz=0: Tangential components of E

E, (0) =E,(0) » Ey+Ef = E}

EYy E% E%
H 0 =H,0) »———=
! ? N1 N1 N2
— . . 21,
N2+ Ny + 11

_ _ VEG _.
A, () = H(2) = 22 e hr

N2

. H continuous



Normal Incidence

= Eo = (le — TI1> Reflection coefficient
EY, \mx+m Similar form as for
Et on, transmission lines
T=—= ( > Transmission coefficient
E, N2 + 1M1

I', 7 may be complex for conductive media

t=1+T (normal incidence)

For non-maadnetic media N, = o Ny = o Free space impedance
oIS | Vert Vers

r— Ve T A/
Ve T J/Er

(nonmagnetic media).
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Transmission Line Analogue

Z[}] Z{_}"} —_—

Infinite line

(b) Transmission-line analogue

ZL — 2o

FromTL: I =
Z; + 72,

For infinite line lossless TL input impedance is the characteristic impedance:




Transmission Line Analogue — normal incidence

X
A
Hé) > kK “]4) Rl

E'

(-)v—- z
[A{I. —4{) H!

Medium 1 (g1, 1) Medium 2 (&2, u2)
=0

f1 = o\/ll1 €1 L2 = 0\/Uz€;

E,(z) = RE} (e /1% 4 Telk17)

Hi(z) =92 (e /% —T elhr7)

E,(2) = frE%e‘ijZ

_ EL

Hy(z) =91 —e Jke?
Uk

Infinite line

V;_(Z) — VO+(e_jﬁlz + FejBlZ)

+

- V . .
[,(z) = = (e JP1z —_TelP12)
Zo1

Vz (z) = 1V, * (e 7F2%)
+

5 V. .
I,(z) = =" (e~ F27)
ZOZ
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Transmission Line Analogue

Zo Zo2 —_—

' i e

z=0

(b) Transmission-line analogue

. L ) 1+
Standing wave ratio: incident + reflected waves S = ||E1 ||max =7 :F:
) _

min

If 2 media have equal n, =1, r=05=1

If medium #2 is perfect conductor: 7n, =0 [=-1,S=

30



Transmission Line Analogue - summary

[{’.4—® III’

Medium 1 (g, ;) Medium 2 (2. 12)
z=0

——

Infinite line

Plane Wave [Fig. 8-4(a)]

Transmission Line [Fig. 8-4(h)]

EI (2) = iEé(e_fklz + l"ejk]z)
~ El . .
Hi(z) =¥ —O(e_fklz _ rejhz}
M
Ea(z) = iTE(i]g_jkEZ

~ EL
H>(z) =¥t 0 ikz

n2
I'=(m2—m)/(m2+m)
T = 1 +F

kl =op1er. kr=o/u2e
N = /K1/€1 - m = +/12/€2

(8.52)

(8.6a)

(8.7a)

(8.8a)

Vi(z) = V) (e77F1Z + Te/P12)  (8.5b)

- v, .
Ti1(z) = 2 (e7iP17 _TeiP17y  (3.6h)
Zo1
Va(z) = TV e /P22 (8.7b)
- /AN
h(z) =1 -2 ¢ iP2z (8.8b)
A
I'=(Zyn — Zo1)/(Zoa + Zo1)
t=1+4+T

fr=wJrie1. pfr=o/me

Zg1 and Zp depend on
transmission-line parameters

31




Power Flow

Incident wave

Reflected wave

. . 1 .. N
Medium 1: S, (z) = ERe[El(z) x Hi (2)]

N

2
- JESE
Savl(Z) =Z 21 (1—1T%)
e
. EL)?
Sclw = 2| Ol
3 cl cr A
Savl — Sav + SCI,U <
§T = —2|IT|? |Eol
v IT| 211

Medium 1
??l

L *

1 : . _ . |
Sav,(2) = 5 Re 5C\El()(e_1klz + [e/k17) x yn_() (e/k17 — [*g=Jka7)
1

> §£v = - |F|2§£v

Transmitted wave

Medium 2
2
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Power Flow

Medium 2:
T=14T I' = real for lossless, can be complex for conducting
. o EY . |EL |2
S — —_Re |%7E? —]kzzxA*_O jkoz| — 51412 120
av, (Z) 5 Re |xtEqe VT 0 e Z|7| 2

j= A |El0|2 2
Savl(z) = Z 21,4 (1—T%)

2 1-T? ,

— (lossless media),
n2 n
leads to

Savl — Sa\,fg .

33



	ELEN E3401: Electromagnetics�Spring 2025��Prof. Keren Bergman���Lecture #21�
	Plane-wave propagation in lossy media 
	Plane-wave propagation in lossy media 
	Low-loss dielectric
	Low-loss dielectric
	Good Conductor
	Good Conductor
	Summary of propagation in materials 
	Example: copper
	Example: plane wave in seawater
	Example: plane wave in seawater
	Example: plane wave in seawater
	Example: plane wave in seawater
	Example: plane wave in seawater
	EM Power Density
	EM Power Density
	Power of plane wave in lossless medium
	Power of plane wave in lossy medium
	Power ratio in dB
	Example: power density received
	Wave reflection/transmission
	Wave reflection and transmission at interfaces
	Normal incidence – analogy with transmission line
	Normal incidence wave reflection/transmission
	Wave reflection/transmission
	Apply boundary conditions at z = 0
	Normal Incidence
	Transmission Line Analogue
	Transmission Line Analogue – normal incidence
	Transmission Line Analogue
	Transmission Line Analogue - summary
	Power Flow
	Power Flow

